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We investigate the Casimir forces between high-Tc superconductors as function of the distance
and temperature, focusing on optimally-doped YBa2Cu3O6.95. We consider formerly studied config-
urations in normal metals lying in the short-distance (50 nm - 600 nm), and long-distance (600 nm
- 10 microns) regimes. The dielectric properties of the material are described in terms of weakly-
interacting, short-correlated conducting pairs transported along quasi-2D layers. In the short-range
regime, a continuous behavior of the Casimir forces arises, with no significant discontinuity at the
transition temperature. This behavior also follows in the equivalent the normal conductor configu-
ration. In the long-range regime, the forces show an abrupt increment at the critical temperature.
Simultaneously, the Casimir entropy and the specific heat develop a strong discontinuous behav-
ior, characteristic of the SC-normal phase transition. In every situation, the entropy vanishes at
extremely low temperatures.
Introduction. Casimir forces are induced by the dis-
tortion of the spectrum of quantum and thermal fluctu-
ations of the electromagnetic field in presence of mate-
rial bodies. The original theory proposed by Casimir in
1948 [1] predicts that two parallel perfectly-conducting
surfaces separated by a distance d will be subject to an
attractive force per unit area FC = −~c/240d4. Based
on the fluctuation-dissipation mechanism, in 1956 Lif-
shitz put forth a more realistic approach that takes into
account the dielectric properties of materials [2]. In the
last twenty years numerous experiments [3–10] have been
performed on measuring the Casimir forces in a wide di-
versity of experimental setups [11–14]. In these experi-
ments, the observed data are compared with theoretical
predictions arising from Lifshitz theory, which requires
the knowledge of the optical response of materials in a
broad frequency range. Unexpectedly, the low-frequency
behavior of the complex permittivity has prompted an
intense theoretical debate related with the consistency of
Lifshitz theory with Nernst’s principle (the third law of
thermodynamics) [15–20]. In the low-frequency regime,
the optical response of materials with dispersive and ab-
sorbing properties is typically described by means of the
complex Drude dielctric function, where the dissipative
transport of conduction electrons is accounted for by a
relaxation rate γ0. For metals where the charge carriers
constitute a tenuous electronic plasma, damping is negli-
gible (γ0 → 0) and the Drude model is well approximated
by the plasma dielectric function.
In principle, the inclusion of dissipative contribu-
tions in the permittivity should be a necessary condi-
tion to achieve formal congruence with the fluctuation-
dissipation relation. Furthermore, the consideration of
this mechanism is essential to describe quantum prop-
erties of absorbing media, such as the preservation of
commutation relations inherent to quantum atomic ra-
diators constituting a given material [21]. A number of
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measurements of Casimir forces in metals at room tem-
perature and involving relatively small body separations
(50 - 600 nm) have been performed with better predic-
tions based on the plasma rather than the Drude model,
but the relative difference between either model predic-
tions is tiny. Up to date, a few experiments carried out
at large separations (600 nm - 8 µm) show better agree-
ment with theoretical predictions including electronic re-
laxation [22, 23]. The origin of this discrepancy is the
influence of thermal electromagnetic fluctuations, which
at micrometers predominate over zero-point fluctuations,
so that kBT  ~ωc, ωc = c/2d, and c is the speed of light.
The thermodynamic aspects of the Casimir effect have
motivated investigations on the detailed temperature de-
pendence of the force [18, 24–26]. Measurements of the
Casimir force between Au surfaces at 300, 77, 4.2, and 2.1
K [27] show that while low-temperature results are nois-
ier than room temperature ones, the average of the mea-
surements coincides at all temperatures. This suggests
that thermal fluctuations play a negligible role in these
experiments. Therefore, this precludes a direct exclusion
of either model Drude or plasma. Similar conclusions are
derived from measurements of the normalized gradient of
the Casimir force at 77 K with liquid nitrogen [10]. In this
context, superconducting (SC) materials have been sug-
gested as an ideal scenario to study this problem. The-
oretical studies based on standard BCS superconductors
such as Ni, Al, or NbTiN, with a transition temperature
Tc ≈ 1 − 10 K have been made [28, 29]. Nevertheless,
the predicted effects associated to the SC transition are
inconclusive with current experimental techniques. This
agrees with recent experiments probing the variation of
the Casimir force between two closely spaced thin Al films
at Tc, observing a null result[30].
In this work we study the Casimir forces between high-
Tc superconductors (HTSCs) where vacuum and thermal
fluctuations can be comparable in some regimes. We
focus on the optimally-doped ceramics YBa2Cu3O6.95
(YBCO), with Tc = 93 K [31] and perform a thorough
exploration of distance and temperature regimes involved
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2in experimentally feasible setups. We considered two al-
ternative configurations associated to short- and long-
range regimes. They both include a planar surface sepa-
rated by a distance d from a spherical surface with cur-
vature radius R, covered both by an YBCO film. In
the short-range regime, the setup involves a sphere with
R = 95µm, while the long-range it involves a spherical
lens with R = 15 cm. Surprisingly, we find that at long
distances it is possible to observe the effects related to
superconductivity clearly. In order to compare with re-
sults expected from ordinary non-SC materials, we also
contemplated an artificial material with the same optical
properties as YBCO, except that γ0 remains finite even
at T < Tc. In the following, this material is denoted as
ordinary conductor.
Model: Lifshitz formulation. The Casimir force be-
tween a slab and a spherical surface of curvature radius
R may be evaluated by means of the Derjaguin approxi-
mation [21], valid in the limit R d: F (d) ' 2piRF‖(d),
where F‖(d) is the free energy per unit area between
two parallel surfaces. In the reflection coefficients for-
mulation of Lifshitz theory [32, 33], the expression for
free energy density at finite temperature is obtained by
considering the Matsubara formalism with discrete imag-
inary frequencies ωn = 2piinkBT/~, and integer n:
F‖(d) = kBT
∞∑
n=0
′ ∫ ∞
0
d2k⊥
(2pi)2
∑
α=s,p
ln
[
1− r2αe−2κ0d
]
,
(1)
where the prime in the n-summation means that the
n = 0 term must be halved. Here, k⊥ is the wave vector
component parallel to the plates, κj =
√
k2⊥ + jω2n/c2,
α the field polarization, and rα [j(iωn)] the electromag-
netic reflection coefficients. The subindex in the dielec-
tric function j refers to the medium between the plates
(j = 0) and the plates themselves (j = 1). The reflection
coefficients for s and p polarizations are given by rs =
(κ1 − κ0) / (κ1 + κ0), rp = (0κ1 − 1κ0) / (0κ1 + 1κ0).
The results provided by Lifshitz theory must be yet cor-
rected by the existence of roughness in the surfaces in-
volved in an experiment. This can be simply modeled by
assuming a stochastic variation in the surface separation
with a root mean squared amplitude Arms. A Taylor ex-
pansion then yields FC(d) ' F (d)
(
1 + 6A2rms/d
2 + ...
)
[4].
Effective model for HTSCs. The optical properties of
HTSCs have been experimentally investigated for differ-
ent compounds at several temperatures and frequencies
using reflectivity and impedance-type measurements [34–
36]. In the case of YBCO, the measured optical response
has been represented in terms of a dielectric function
ε(ω) with parameters estimated in the normal and SC
regimes at T = 100K, and T = 2K, respectively. This
description is in agreement with the London’s two-fluid
model of superconductivity [37], which assumes that the
number density of charge carriers n may be divided into
normal nn(T ), and superfluid ns(T ) fractions, such that
n = nn(T ) + ns(T ). This allows the introduction of cor-
responding plasma frequencies ωpn(T ) ∼ nn(T )1/2 and
ωps(T ) ∼ ns(T )1/2 (or the associated magnetic penetra-
tion depth λp(T ) = c/ωps(T )). The former consider-
ations are integrated into a dielectric function including
intra-band, Drude, mid-infrared, and optical phonon con-
tributions. In the normal state, these are given by:
εn(ω) = ε∞ −
ω2pn(T )
ω2 + iγ0ω
− Sirω
2
ir
ω2 − ω2ir + iγirω
−
Nph∑
l=1
Slω
2
ph,l
ω2 − ω2ph,l + iγph,lω
. (2)
Here, ε∞ = 3.8, ωpn(100K) = 0.75 eV, and the elec-
tronic relaxation γ0 = 0.037 eV. The parameters ωi, γi,
and Si denote the characteristic frequencies, relaxation
rates, and oscillator strengths of the rest of contributions
mentioned above, and they are presented as Supplemen-
tal Material. In the following we assume that in normal
state, but close to Tc, the plasma frequency has the fixed
value ωpn(100 K) ≡ ωpn. In the SC state, dissipative
scattering does not occur (γ0 → 0) and the Drude con-
tribution collapses to a delta function at the origin:
εs (ω) = ε∞ +
ipiω2ps(T )
2ω
δ(ω)− ω
2
ps(T )
ω2
(3)
− Sirω
2
ir
ω2 − ω2ir + iγirω
−
Nph∑
l=1
Slω
2
ph,l
ω2 − ω2ph,l + iγph,lω
.
As before, the parameter ε∞ = 3.8, while ωps(2K) = 0.75
eV. The rest of parameters is also found as Supplemental
Material.
In order to establish an explicit expression for ωps(T ),
we assume that, even if the pairing mechanism in HTSCs
is uncertain, their charge transport properties may be de-
scribed in terms of a 2D gas of weakly-interacting fermion
pairs that condense at Tc. The 2D character reflects
the fact that HTSCs comprise layered crystallographic
structures in which charge transport occurs along copper
planes (CuO2) [38]. The rest of the premise relies on the
observation that, except for very weak coupling, fermion
pairs form and condense at different temperatures [39].
In BCS superconductors, the weak interaction leads to
simultaneous pair formation and superfluid behavior at
Tc. In contrast, in HTSCs the strong fermionic interac-
tions induce short-correlated pairs (ξ0 ∼ 1 nm) with no
phase coherence already at temperatures T ∗ > T > Tc,
conforming a pseudogap (PG) phase that precedes the
onset of superfluidity at T < Tc. It is now established
[39, 40], that BCS pairs and PG pairs are two limit-
ing cases in the BCS-BEC crossover. This crossover,
smoothly connects the pairing in momentum space (BCS
limit), with pairing in position space (BEC limit), being a
hallmark of the latter the emergence of localized pairs ap-
proximately satisfying Bose statistics. These compound
particles define a very dilute gas in YBCO, as the ratio
κ = λp(0)/ξ(0) ≈ 95, so the mean interparticle distance
3FIG. 1. (color on-line) Casimir force (times separation) as function of the reduced temperature T/Tc and distance d in µm. a)
Force surface for the short-range YBCO configuration with sphere radius R = 95µm. b) Projections of the force surface for fixed
separation values. From the upper (yellow, bright) to the lower (purple, dark) curve: d = 0.2, 0.4, 0.6, 0.8, 1.0 µm. Dashed
curves correspond to a normal conductor, while dotted curves correspond to the high-temperature limit FHTC = ζ(3)RkBT/8d.
c) Force surface for the long-range YBCO configuration with spherical lens of curvature radius R = 15 cm. d) Projections of the
force surface for fixed separation values. From the upper (yellow, bright) to the lower (purple, dark) curve: d = 2, 4, 6, 8, 10 µm.
Dashed curves correspond to a normal conductor, while dotted curves correspond, as before, to the high-temperature limit.
largely exceeds the pair size. On these grounds, the dy-
namics of HTSCs charge carriers may be accounted by
means of a weakly-interacting Bose gas embracing ele-
mentary excitations with a Bogoliubov spectrum E(p) =(
p2c2s + (p
2/2m)2
)1/2
(with cs the sound speed); in the
low-momentum limit, this yields a phonon spectrum,
E(p) → csp. It is straightforward to show that a 2D
gas with a linear spectrum satisfies [41]:
ω2ps(T )/ω
2
ps(0) = λ
−2
p (T )/λ
−2
p (0) = 1− (T/Tc)2. (4)
This relation gives an accurate representation of exper-
imental measurements of the penetration length λp(T )
in the CuO2 plane for a wide range of dopings of
YBa2Cu3O6+x samples [39, 42], as well as of the depen-
dence of the transition temperature on doping [41, 43]. In
conjunction with Eqs. (1)-(3), this expression provides a
closed framework for the evaluation of the Casimir forces
in HTSCs.
Results and discussion. The calculated Casimir forces
involve qualitatively distinct features in the short- and
long-range configurations, as may be observed in the fig-
ure panel (1). There, we present surfaces representing
the force magnitude, FC(d, T ), as well as surface cuts,
F (T ), for fixed d. In the short-range regime depicted
in Fig. (1.a)), FC(d, T ) displays the expected continu-
ous behavior as function of d in almost the whole dis-
tance and temperature ranges, except for a barely dis-
cernible discontinuity at T = Tc at relatively large dis-
tances d ∼ 1µm. This behavior is congruent with pre-
vious experimental and theoretical studies for setups in-
volving normal conductors as well as BCS superconduc-
tors. Fig. (1.b) shows that for T/Tc larger than an order
of magnitude, the force decreases linearly with temper-
ature, accordingly with the expected high-temperature
behavior FHTC (T ) = ζ(3)RkBT/d
2. At smaller tempera-
tures FC(T ) develops a shallow minimum, and for tem-
peratures T < Tc the force acquires a constant value. In
the long-range regime (Figs. (1.c) and (1.d)), FC(d, T )
also displays a continuous behavior as function of d. Sur-
prisingly, the temperature dependence exhibits a marked
discontinuity at T = Tc, with increasing magnitude for
the largest separations, being the maximum increment at
4FIG. 2. (a) Casimir entropy for a long-range configura-
tion as function of the reduced temperature T/Tc for a fixed
separation d = 10µm. The continuous line corresponds to a
configuration involving YBCO, the dashed line corresponds
to a normal conductor, and the dots (constant) are the high
temperature limit (SHTC /kB = ζ(3)R/d
2). (b) Casimir specific
heat (over temperature) for the former YBCO configuration.
The inset shows the same quantity displayed in logarithmic
scale.
T < Tc about 70 % of its value at T ≥ Tc. Evidently, this
is correlated with the SC transition, and as we will see
below, the fact that the field fluctuations and the pairs
have to balance their fluctuations. On the other hand,
for temperatures T  Tc the force shows a constant be-
havior, as also observed in the short-range configuration.
In the case of a normal conductor, the Casimir forces
show a continuous behavior paralleling that arising in
the short-range regime of HTSCs. However, this behav-
ior is apparent now in either the short- and long-range
regimes.
Figure (2) depicts the behavior of the Casimir entropy
SC/kB = −∂F‖/∂T for both a HTSC and a standard
conductor. The entropy develops a strong negative di-
vergence in the neighborhood of Tc, signaling the SC-
Normal phase transition. On the other hand, SC ac-
quires constant values for T > Tc, as well as T  Tc.
Clearly, SC → 0 as T → 0 in either case. The van-
ishing of the entropy is a necessary consequence of the
constant value attained the free Casimir energy in this
limit, which is in turn proportional to the Casimir force
in the Derjaguin approximation. The specific heat coeffi-
cient γ = CC/(kBT ) =
∂
∂T (SC/kB) shows a concomitant
sharp increase at Tc, relaxing steadily to a null value for
T < Tc. Remarkably, this behavior is very similar to that
observed in experimental determinations of the specific
heat in YBCO [37, 39], associated in that case to con-
ducting pair excitations. Indeed, this would be a result
of the existence of thermodynamic equilibrium between
the SC material and electromagnetic field fluctuations.
Thus, the field inherits the properties of the fermionic
pairs. On the other hand, in the case of standard con-
ductors, the Casimir entropy has a very similar behavior
as that predicted for Cu samples in Ref.[25]. It displays a
constant value for T > Tc, steadily decreasing to a min-
imum negative value for T < Tc, and finally vanishing
for extremely low temperatures even in presence of dissi-
pative effects in the optical response of these materials.
Similarly, the predicted behavior of the Casimir forces is
congruent with that reported in Ref.[18] by means of a
Drude model for the dielectric response of Au and Al.
Thus, consistency with the Nernst principle is achieved
in every studied system in this work.
We conclude that measurements of the Casimir force
in YBCO performed in a long-range setup should display
a discernible discontinuity at the transition temperature
T = 93 K. Moreover, the interplay between the fluctu-
ations in the pairs and the field could be investigated
in this regime. These studies would be feasible accord-
ing to experimental reports presented in Refs. [10, 27].
Our calculations show that the associated entropy in the
limit of low temperatures should vanish in all considered
cases, consistently with the theoretical results obtained
for normal conductors with dissipative charge transport.
However, the extremely low values of the temperatures
involved seem unreachable by using current experimental
techniques to verify the entropy behaviour.
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I. SUPPLEMENTAL MATERIAL
TABLE I. Parameters of dielectric function of YBCO7−δ in
normal (T = 100 K), and superconducting states (T = 2 K).
T = 100 K T = 2 K
j ωj(cm
−1) γj(cm−1) Sj ωj(cm−1) γj(cm−1) Sj
1 155 3.1 31 155 2.4 31
2 195 9.6 3 194 2.7 2
3 279 18 6 277 21 10
4 314 11 10 311 9 12
5 532 57 2 534 50 3
6 569 16 2 567 17 2
